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Abstract. We study prolongation of Norden structures on manifolds to their
generalized tangent bundles and to their cotangent bundles. In particular, by
using methods of generalized geometry, we prove that the cotangent bundle of
a complex Norden manifold (M,J, g) admits a structure of Norden manifold,
(T ⋆(M), J˜ , g˜). Moreover if (M,J, g) has flat natural canonical connection then
J˜ is integrable, that is (T ⋆(M), J˜ , g˜) is a complex Norden manifold. Finally
we prove that if (M,J, g) is Ka¨hler Norden flat then (T ⋆(M), J˜ , g˜) is Ka¨hler
Norden flat.
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1 Introduction
Let M be a smooth manifold, let T (M) be the tangent bundle and let T ⋆(M)
be the cotangent bundle of M . E = T (M) ⊕ T ⋆(M) is called the generalized
tangent bundle of M . In [H] Hitchin introduced the concept of generalized com-
plex structure, he consided complex structures of the generalized tangent bundle
compatible with the standard metric of neutral signature on E. In previous pa-
pers, [N1], [N2], [N3], [N4], [N5], [N6], we defined and studied a class of complex
structures on the generalized tangent bundle compatible with the standard sym-
plectic structure of E, that is a class of pseudo calibrated generalized complex
structures. In particular in [N5] we described generalized complex structures
defined naturally by Norden structures. In this paper we study prolongation
of Norden structures on manifolds to their generalized tangent bundles and to
their cotangent bundles. Precisely, by using methods of generalized geometry,
we prove that the cotangent bundle of a complex Norden manifold, (M,J, g),
admits a structure of Norden manifold, (T ⋆(M), J˜ , g˜). Moreover if (M,J, g) has
flat natural canonical connection then J˜ is integrable, that is (T ⋆(M), J˜ , g˜) is a
complex Norden manifold. Finally we prove that if (M,J, g) is Ka¨hler Norden
flat then (T ⋆(M), J˜ , g˜) is Ka¨hler Norden flat.
The paper is organized as follows. In sections 2 we introduce basics on gener-
alized tangent bundles, generalized complex structures and Norden manifolds.
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Original results are contained in section 3, were we construct Norden structures
on generalized tangent bundles, and in section 4, where we construct Norden
structures on cotangent bundles and we describe curvature properties.
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2 Preliminaries
2.1 Generalized tangent bundle
Let M be a smooth manifold of real dimension n and let E = T (M)⊕ T ⋆(M)
be the generalized tangent bundle of M . Smooth sections of E are elements
X + ξ ∈ C∞(E) where X ∈ C∞(T (M)) is a vector field and ξ ∈ C∞(T ⋆(M))
is a 1-form. E is equipped with a natural symplectic structure, ( , ), defined on
two elements X + ξ, Y + η ∈ C∞(E) by:
(2.1) (X + ξ, Y + η) = −
1
2
(ξ(Y )− η(X)).
Moreover E is equipped with a natural indefinite metric, < , >, defined by:
(2.2) < X + ξ, Y + η >= −
1
2
(ξ(Y ) + η(X));
< , > is non degenerate and of signature (n, n).
A linear connection on M , ∇, defines a bracket on C∞(E), [ , ]∇, as follows:
(2.3) [X + ξ, Y + η]∇ = [X,Y ] +∇Xη −∇Y ξ
where [ , ] means Lie bracket of vector fields.
Lemma 2.1. ([N1]) For all X,Y ∈ C∞(T (M)), for all ξ, η ∈ C∞(T ⋆(M)) and
for all f ∈ C∞(M) we have:
1. [X + ξ, Y + η]∇ = −[Y + η,X + ξ]∇
2. [f(X + ξ), Y + η]∇ = f [X + ξ, Y + η]∇ − Y (f)(X + ξ)
3. Jacobi’s identity holds for [ , ]∇ if and only if ∇ has zero curvature.
2.2 Pseudo calibrated generalized complex structures
Definition 2.2. A generalized complex structure on M is an endomorphism
Ĵ : E → E such that Ĵ2 = −I.
Definition 2.3. A generalized complex structure Ĵ is called pseudo calibrated if
it is ( , )-invariant and if the bilinear symmetric form defined by ( , Ĵ) on T (M)
is non degenerate. Moreover Ĵ is called calibrated if it is pseudo calibrated and
( , Ĵ) is positive definite.
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From the definition we obtain that a generalized pseudo calibrated complex
structure has the following block matrix form:
(2.4) Ĵ =
(
J −(I + J2)g−1
g −J⋆
)
where g : T (M) → T ⋆(M) is identified to the bemolle musical isomorphism of
a pseudo Riemannian metric g on M , J : T (M) → T (M) is a g-symmetric
operator and J⋆ : T ⋆(M) → T ⋆(M) is the dual operator of J defined by
J⋆(ξ)(X) = ξ(J(X)).
Ĵ is calibrated if and only if g is a Riemannian metric, namely:
(2.5) (g(X))(Y ) = g(X,Y ) = 2(X, ĴY ).
2.3 Integrability
Lemma 2.4. ([N2]) Let Ĵ : E → E be a generalized complex structure on M
and let
(2.6) N∇(Ĵ) : C∞(E)× C∞(E)→ C∞(E)
defined for all σ, τ ∈ C∞(E) by:
(2.7) N∇(Ĵ)(σ, τ) = [Ĵσ, Ĵτ ]∇ − Ĵ [Ĵσ, τ ]∇ − Ĵ [σ, Ĵτ ]∇ − [σ, τ ]∇.
N∇(Ĵ) is a skew symmetric tensor called the Nijenhuis tensor of Ĵ with
respect to ∇.
Let EC = (T (M)⊕T ⋆(M))⊗C be the complexified generalized tangent bundle.
The splitting in ±i eigenspaces of Ĵ is denoted by: EC = E1,0
Ĵ
⊕ E0,1
Ĵ
, with
E0,1
Ĵ
= E1,0
Ĵ
. Let P+ : E
C → E1,0
Ĵ
and P− : E
C → E0,1
Ĵ
be the projection opera-
tors: P± =
1
2 (I ∓ iĴ). The following holds.
Lemma 2.5. ([N5]) For all σ, τ ∈ C∞(EC) we have:
(2.8) P∓[P±(σ), P±(τ)]∇ = −
1
4
P∓(N
∇(Ĵ)(σ, τ)).
Corollary 2.6. For any linear connection ∇ on M E1,0
Ĵ
and E0,1
Ĵ
are [ , ]∇-
involutive if and only if N∇(Ĵ) = 0.
Definition 2.7. Let Ĵ : E → E be a generalized complex structure on M , Ĵ is
called ∇-integrable if N∇(Ĵ) = 0.
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Let (M, g) be a pseudo Riemannian manifold, let ∇ be a linear connection on
M , the torsion of ∇, T∇, and the exterior differential associated to ∇ acting
on g, (d∇g), are defined on X,Y ∈ C∞(T (M))) respectively by:
(2.9) T∇(X,Y ) = ∇XY −∇YX − [X,Y ]
(2.10) (d∇g)(X,Y ) = (∇Xg)(Y )− (∇Y g)(X) + g(T
∇(X,Y )).
Let J be a g-symmetric operator on T (M) and let N(J) be the Nijenhuis tensor
of J , defined on X,Y ∈ C∞(T (M)) by:
(2.11) N(J)(X,Y ) = [JX, JY ]−H [JX, Y ]− J [X, JY ] + J2[X,Y ].
Let us suppose J2 = −I. Let Ĵ be the pseudo calibrated generalized complex
structure defined by g and J :
(2.12) Ĵ =
(
J 0
g −J⋆
)
.
∇ - integrability of Ĵ is described as follows.
Theorem 2.8. ([N5], [N6]) The pseudo calibrated generalized complex structure
Ĵ =
(
J 0
g −J⋆
)
is ∇ -integrable if and only if for all X,Y ∈ C∞(T (M)) the
following conditions hold:
(2.13)

N(J) = 0
∇J = 0
(d∇g)(JX, Y ) + (d∇g)(X, JY ) = 0.
2.4 Norden manifolds
Norden manifolds were introduced by Norden in [N] and then studied also as
almost complex manifolds with B-metric and anti Ka¨hlerian manifolds, [BFV],
[GM]. They have applications in mathematics and in theoretical physics.
Definition 2.9. Let (M,J) be an almost complex manifold and let g be a
pseudo Riemannian metric on M such that J is a g-symmetric operator, g is
called Norden metric and (M,J, g) is called Norden manifold.
Definition 2.10. Let (M,J, g) be a Norden manifold, if J is integrable then
(M,J, g) is called complex Norden manifold.
The following result is well known.
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Theorem 2.11. ([GM]) Let (M,J, g) be a complex Norden manifold, there
exists a unique linear connection D with torsion T on M such that:
(2.14)

(DXg)(Y, Z) = 0
T (JX, Y ) + T (X, JY ) = 0
g(T (X,Y ), Z) + g(T (Y, Z), X) + g(T (Z,X), Y ) = 0.
for all X,Y, Z ∈ C∞(T (M)). D is called the natural canonical connection.
Remark 2.12. The natural canonical connection D is defined by:
(2.15) DXY = ∇XY −
1
2
J(∇XJ)Y
where ∇ is the Levi Civita connection of g. In particular DJ = 0.
Then, from Theorem 2.8 and Theorem 2.11, we get the following.
Proposition 2.13. ([N5]) Let (M,J, g) be a complex Norden manifold and let
D be the natural canonical connection on M , the generalized complex structure
on M defined by J and g:
(2.16) Ĵ =
(
J 0
g −J⋆
)
is D -integrable.
Definition 2.14. Let (M,J, g) be a Norden manifold and let ∇ be the Levi
Civita connection of g, (M,J, g) is called Ka¨hler Norden manifold if ∇J = 0.
Remark 2.15. For a Ka¨hler Norden manifold (M,J, g) the structure J is inte-
grable and the natural canonical connection is the Levi Civita connection of
g.
3 Norden structures on generalized tangent bun-
dles
3.1 Norden metric on T (M)⊕ T ⋆(M)
Let (M,J, g) be a Norden manifold and let E = T (M) ⊕ T ⋆(M) be the gen-
eralized tangent bundle of M . Let X + ξ, Y + η be smooth sections of E and
let ♮ : T ⋆(M)→ T (M) be the inverse of the bemolle musical isomorphism of g,
♭ : T (M)→ T ⋆(M), ♭(X)(Y ) = g(X,Y ), for all X, Y ∈ C∞(T (M)).
We define:
(3.1) gˆ(X + ξ, Y + η) = g(X,Y ) +
1
2
g(JX, ♮η) +
1
2
g(♮ξ, JY ) + g(♮ξ, ♮η).
We have the following.
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Proposition 3.1. gˆ is symmetric and the pseudo calibrated generalized complex
structure on M defined by g and J , Ĵ =
(
J 0
g −J⋆
)
, is a gˆ-symmetric operator.
Proof. The symmetry of gˆ follows immediately from the definition. In order
to verify that Ĵ is a gˆ-symmetric operator let us compute:
gˆ(Jˆ(X + ξ), Y + η) = g(JX + g(X)− J⋆(ξ), Y + η)
= g(JX, Y ) + 12g(−X, ♮η) +
1
2g(X − ♮J
⋆(ξ), JY ) + g(X − ♮J⋆(ξ), ♮η)
= g(JX, Y ) + 12g(X, ♮η) +
1
2g(X, JY )−
1
2g(♮J
⋆(ξ), JY )− g(♮J⋆(ξ), ♮η).
On the other hand we have:
gˆ(X + ξ, Jˆ(Y + η)) = g(X + ξ, JY + g(Y )− J⋆(η))
= g(X, JY ) + 12g(JX, Y − ♮J
⋆(η)) + 12g(♮ξ,−Y ) + g(♮ξ, Y − ♮J
⋆(η))
= g(X, JY ) + 12g(JX, Y )−
1
2g(JX, ♮J
⋆(η)) + 12g(♮ξ, Y )− g(♮ξ, ♮J
⋆(η)).
From the property J⋆ = ♭(J♮) and from the fact that (M,J, g) is a Norden
manifold we get the statement. 
Definition 3.2. Let (M,J, g) be a Norden manifold, (Jˆ , gˆ) defined as before is
called Norden structure on T (M)⊕ T ⋆(M) defined by (J, g).
3.2 Natural canonical connection on T (M)⊕ T ⋆(M)
Let (M,J, g) be a complex Norden manifold and let D be the natural canonical
connection on M , we define
(3.2) Dˆ : C∞(T (M))× C∞(T (M)⊕ T ⋆(M))→ C∞(T (M)⊕ T ⋆(M))
by:
(3.3) DˆX(Y + η) = DXY +DXη
for all X ∈ C∞(T (M)), Y + η ∈ C∞(T (M)⊕ T ⋆(M)).
We have:
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Proposition 3.3. The following condition hold:
(3.4)
{
DˆX Jˆ = 0
DˆX gˆ = 0.
for all X ∈ C∞(T (M)). Moreover if D is flat then Dˆ is flat.
Dˆ is called the natural canonical connection of T (M)⊕ T ⋆(M).
Proof. From the definition of Jˆ and from the properties of D we get:
DˆX Jˆ(Y + η) = DˆX(JY + g(X)− J
⋆η) = DXJY +DX(g(Y )− J
⋆η)
= JDXY + g(DXY )− J
⋆(DXη) = Jˆ(DXY ) + Jˆ(DXη) = Jˆ(DˆX(Y + η))
for all X ∈ C∞(M), Y + η ∈ C∞(T (M)⊕ T ⋆(M)).
Moreover from the definition of gˆ we get:
Xgˆ(Y + η, Z + ζ)− gˆ(DˆX(Y + η), Z + ζ)− gˆ(Y + η, DˆX(Z + ζ))
= X{g(Y, Z) + 12g(JY, ♮ζ) +
1
2g(♮η, JZ) + g(♮η, ♮ζ)}+
−{g(DXY, Z) +
1
2g(J(DXY ), ♮ζ) +
1
2g(♮(DXη), JZ) + g(♮(DXη), ♮ζ)}+
−{g(Y,DXZ) +
1
2g(JY, ♮(DXζ) +
1
2g(♮η, J(DXZ)) + g(♮η, ♮(DXζ))}
= 0
for all X,Y, Z ∈ C∞(T (M)), Y + η, Z + ζ ∈ C∞(T (M)⊕ T ⋆(M)).
Finally, if RD denotes the curvature tensor of D:
RD(X,Y ) = DXDY −DYDX −D[X,Y ]
and RDˆ the curvature tensor of Dˆ:
RDˆ(X,Y )(Z + ζ) = DˆXDˆY (Z + ζ)− DˆY DˆX(Z + ζ)− Dˆ[X,Y ](Z + ζ),
we have:
RDˆ(X,Y )(Z + ζ) = RD(X,Y )Z +RD(X,Y )(ζ)
for all X,Y, Z ∈ C∞(T (M)), ζ ∈ C∞(T ⋆(M)).
Then the proof is complete. 
7
4 Norden structures on cotangent bundles
4.1 Complex Norden structure on T ⋆(M)
Let (M,J, g) be a Norden manifold and let ∇ be a linear connection on M . ∇
defines the decomposition in horizontal and vertical subbundles of T (T ⋆(M)):
(4.1) T (T ⋆(M)) = TH(T ⋆(M))⊕ T V (T ⋆(M)).
Let
{
x1, ..., xn
}
be local coordinates on M , let
{
x˜1, ..., x˜n, y1, ..., yn
}
be the
corresponding local coordinates on T ⋆(M) and let
{
∂
∂x˜1
, ...,
∂
∂x˜n
,
∂
∂y1
, ...,
∂
∂yn
}
be local frames on T (T ⋆(M)). We have:
(4.2)
(
∂
∂x˜i
)H
=
∂
∂x˜i
+ ykΓ
k
il
∂
∂yl
(4.3)
(
∂
∂x˜i
)V
= −ykΓ
k
il
∂
∂yl
(4.4)
(
∂
∂yi
)H
= 0
(4.5)
(
∂
∂yi
)V
=
∂
∂yi
where i, k, l run from 1 to n, Γkil are Christoffel’s symbols of ∇ and we used
Einstein’s convention on repeated indices.
Let us denote Xi =
∂
∂x˜i
, we have:
(4.6)
[
XHi , X
H
j
]
= ykR
k
ijl
∂
∂yl
(4.7)
[
XHi ,
∂
∂yj
]
= −Γjil
∂
∂yl
,
where R is the curvature tensor of ∇:
(4.8) R(Xi, Xj)Xl = R
k
ijlXk =
(
∇Xi∇Xj −∇Xj∇Xi −∇[Xi,Xj ]
)
Xl.
We recall the following.
8
Proposition 4.1. ([N2]) Let M be a smooth manifold and let ∇ be a linear
connection on M , there is a bundle morphism:
(4.9) Φ∇ : T (M)⊕ T ⋆(M)→ T (T ⋆(M))
which is an isomorphism on the fibres and such that
1. (Φ∇)⋆(Ω) = −2( , ) if and only if ∇ has zero torsion,
2. (Φ∇)([ , ]∇) = [Φ
∇,Φ∇] if and only if ∇ has zero curvature,
where Ω is the canonical symplectic form on T ⋆(M) defined by the Liouville
1-form.
In local coordinates we have the following expressions:
(4.10) Φ∇
(
∂
∂xi
)
= XHi
(4.11) Φ∇
(
dxj
)
=
∂
∂yj
.
Let (Ĵ , ĝ) be the Norden structure on T (M)⊕T ⋆(M) defined in previous section,
the isomorphism Φ∇ allows us to define an almost complex structure J˜ and a
neutral metric g˜ on T ⋆(M) as in the following.
We define J˜ : T (T ⋆(M))→ T (T ⋆(M)) by
(4.12) J˜ = (Φ∇) ◦ Ĵ ◦ (Φ∇)−1
and the pseudo Riemannian metric g˜ on T ⋆(M) by
(4.13) g˜ = ((Φ∇)−1)⋆(ĝ).
Proposition 4.2. (T ⋆(M), J˜ , g˜) is a Norden manifold.
Proof. For all X,Y ∈ C∞(T (T ⋆(M))) we have:
g˜(J˜(X), Y ) = ĝ((Φ∇)−1((Φ∇) ◦ Ĵ ◦ (Φ∇)−1)(X)), (Φ∇)−1(Y ))
= ĝ(Ĵ((Φ∇)−1(X)), (Φ∇)−1(Y )) = ĝ((Φ∇)−1(X), Ĵ((Φ∇)−1(Y )))
= ĝ((Φ∇)−1(X), (Φ∇)−1((Φ∇) ◦ Ĵ ◦ (Φ∇)−1)(Y ))) = g˜(X, J˜(Y )). 
Direct computations give the following local expressions for J˜ and g˜:
(4.14)

J˜
(
XHi
)
= Jki X
H
k + gik
∂
∂yk
J˜
(
∂
∂yj
)
= −Jjk
∂
∂yk
.
9
(4.15)

g˜
(
XHi , X
H
j
)
= gij
g˜
(
XHi ,
∂
∂yj
)
= 12J
j
i
g˜
(
∂
∂yi
,
∂
∂yi
)
= gij .
Moreover, if we denote by N˜ the Nijenhuis tensor of J˜ , the following hold:
(4.16) N˜
(
∂
∂yi
,
∂
∂yj
)
= Φ∇
(
N∇(Ĵ)
(
dxi, dxj
))
(4.17)
N˜
(
XHi ,
∂
∂yj
)
= −((∇JXiJ)Xk − J (∇XiJ)Xk)
j ∂
∂yk
= Φ∇
(
N∇(Ĵ)
(
Xi, dx
j
))
(4.18)
N˜
(
XHi , X
H
j
)
= Φ∇
(
N∇(Ĵ) (Xi, Xj)
)
+
+yl
(
Jki J
a
j R
l
khr + J
r
hJ
k
i R
l
kjr − J
r
hJ
k
j R
l
kir −R
l
ijl
) ∂
∂yl
.
Thus we get the following.
Proposition 4.3. Let (M,J, g) be a complex Norden manifold with flat natural
canonical connection then (T ⋆(M), J˜ , g˜) is a complex Norden manifold.
4.2 Ka¨hler Norden structure on T ⋆(M)
A direct computation gives the following.
Lemma 4.4. Let (M,J, g) be a Norden manifold and let (J˜ , g˜) be the Norden
structure defined on T ⋆(M) as in Proposition 4.2.. Let ∇ and ∇˜ be the Levi
Civita connection of g and g˜ respectively, then:
(4.19)
∇˜XH
i
XHj = {Γ
r
ij −
1
10
((∇ ∂
∂xi
J)
∂
∂xj
+
+(∇ ∂
∂xj
J)
∂
∂xi
)pJrp +
1
5
grlyk(R
k
ijsJ
s
l − 2R
k
ilsJ
s
j − 2R
k
jlsJ
s
i )}X
H
r +
+
1
5
{grs((∇ ∂
∂xi
J)
∂
∂xj
+ (∇ ∂
∂xj
J)
∂
∂xi
)r+
+yk(3R
k
ijs + J
l
sJ
r
jR
k
ilr + J
l
sR
k
jlrJ
r
i )}
∂
∂ys
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(4.20)
∇˜ ∂
∂yj
XHi =
1
5
{grk((∇ ∂
∂xi
J)
∂
∂xr
− (∇ ∂
∂xr
J)
∂
∂xi
)j+
−2grkgjlyrR
r
ijl}X
H
k +
1
10
{−Jrs ((∇ ∂
∂xi
J)
∂
∂xr
+
−(∇ ∂
∂xr
J)
∂
∂xi
)s+
+2Jrs g
jlykR
k
irl}
∂
∂ys
(4.21)
∇˜XH
i
∂
∂yj
= ∇˜ ∂
∂yj
XHi − Γ
j
is
∂
∂ys
(4.22)
∇˜ ∂
∂yi
∂
∂yj
= 0
In particular the following hold.
Proposition 4.5. Let (M,J, g) be a flat Ka¨hler Norden manifold then (T ⋆(M), J˜ , g˜)
is a flat Ka¨hler Norden manifold.
Proof. From Lemma 4.4, under the assumption (M,J, g) is Ka¨hler Norden flat,
we get the following expression of ∇˜:
(4.23)
∇˜XH
i
XHj = Γ
r
ijX
H
r
(4.24)
∇˜ ∂
∂yj
XHi = 0
(4.25) ∇˜XHi
∂
∂yj
= −Γjis
∂
∂ys
(4.26)
∇˜ ∂
∂yi
∂
∂yj
= 0.
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Then we get:
(4.27)
(∇˜XH
i
J˜)XHj = ((∇ ∂
∂xi
J)
∂
∂xj
)rXHr = 0
(4.28)
(∇˜ ∂
∂yj
J˜)XHi = 0
(4.29)
(∇˜XH
i
J˜)
∂
∂yj
= −((∇ ∂
∂xi
J)
∂
∂xr
)j
∂
∂yj
= 0
(4.30)
(∇˜ ∂
∂yi
J˜)
∂
∂yj
= 0.
Hence ∇˜J˜ = 0.
Moreover let R˜ be the Riemann curvature tensor of g˜, we have:
(4.31)
R˜(XHi , X
H
j )X
H
k = R
l
ijkX
H
l = 0
(4.32) R˜(X
H
i , X
H
j )
∂
∂yk
= Rkjir
∂
∂yr
= 0
(4.33) R˜(X
H
i ,
∂
∂yk
)XHj = 0
(4.34) R˜(X
H
i ,
∂
∂yj
)
∂
∂yk
= 0
(4.35) R˜(
∂
∂yi
,
∂
∂yj
)
∂
∂yk
= 0.
Thus R˜ = 0 and the proof is complete. 
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